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Abstract In this paper, the existence of subharmonic solutions for a class of non- 
autonomous first-order Hamiltonian systems is investigated. We also study the minimal- 
ity of periods for such solutions. Our results which extend and improve many previous 
results will be illustrated by specific examples. Our main tools are the minimax methods 
in critical point theory and the least action principle. 
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1. Introduction. Consider the nonautonomous first-order Hamiltonian system 
(H) x(t) = JH'(t,x(t)) 

where H : M x M? N — > R, (t, x) i — > H(t,x) is a continuous function, T— periodic 
(T > 0) in the first variable and different iable with respect to the second variable with 
continuous derivative H'(t,x) = ^(t,x) and J is the standard symplectic matrix: 



J 



-In 
In 



In being the identity matrix of order N. 

In this work, we are focused in the existence of subharmonic solutions of (Ji). Assuming 
that T > is the minimal period of the time dependence of H(t,x), by subharmonic 
solution of (H) we mean a kT— periodic solution, where k is any integer; when moreover 
the periodic solution is not T— periodic we call it a true subharmonic. 
Considerable attention has been paid in the last years to the subharmonic solutions of 
Hamiltonian systems. Most research on subharmonics concern second order systems. 
Indeed, several papers have been published in this direction, we refer the reader to 
[3,4,8,14,18] and references therein. Concerning the first order, few researchers are inter- 
ested because the problem difficult at first. Note, however, the following works [1,2,6,7,9]. 
Using variational methods, many papers devoted to the existence of subharmonics for 
(Ji) with various assumptions on the growth of the Hamiltonian. In particular, under 
the assumptions that there exists a constant M > such that 

(1.1) \H'(t,x)\ < M, Vx G M 2JV , Vt G [0,T], 
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and 

(1.2) lim H(t,x) = ±00, uniformly in t G [0,T], 

[16] has shown that the system (%) admitted a sequence of subharmonic solutions. After 
that, [1] generalized this result to the sublinear case. Precisely, it was assumed that the 
nonlinearity satisfied the following restrictions: 

(1.3) \H'(t,x)\ < fit) \x\ a + g{t), Vx G R 2N , a.e. t G [0,T], 

1 f T 

(1.4) — ^ / H(t,x)dt — > +00 as \x\ — > +00, 

\x\ Jo 

where / G L^(0,T;R+) and g G L 2 (0,T;R+) are T— periodic and a G [0, 1[. 

(1.5) There exists a subset C of [0,T] with measiC) > and a T— periodic function 
/ G L 1 (0,T;R) such that 

H(t,x) — > +00 as \x\ — > 00, for a.e. t G C, 

and 

#(t,aO > /(*), G M 2JV , a.e. i G [0,T]. 
Under these conditions, subharmonic solutions of the system {%) have been obtained. 
More precisely, it was proved that for all integer k > 1, the system (H) possesses a kT— 
periodic solution x^ such that H^H^ — > 00 as k — > 00. 

Our paper is organized as follows. In section 3, we will be interested in the existence 
of subharmonics of (%) under some more general conditions than (1.3), (1.4). In section 
4, we will study the minimality of periods of the subharmonic solutions. We will give 
examples in order to show the originality of our results which improve many previous 
results among them [1,14,16]. 

For the proofs, we will apply a Generalized Saddle Point Theorem to the Least Action 
Integral and use a Generalized Egoroff's Lemma. 

2. Preliminaries. Firstly, let us recall a critical point theorem due to [5] which will 
be useful in the sequel. 

Let E = W®Z be a Banach space and (E n = W n @Z n ) be a sequence of closed subspaces 
with Z C Z l C ... C Z, W C W x C ... C W, 1 < dim W n < +00. For / G C\E,M), 
we denote by /„ = f\E„ the restriction of / into E n . Then we have /„ G C 1 (i? n ,M), for 
all n > 1. 

Definition 2.1. Let / G ^(E^M) and cGl. The function / satisfies the Palais-Smale 
condition with respect to (X n ) at a level c G R if every sequence (x n ) satisfying 

nj — > 00, x rH G E nj , f(x nj ) — > c, f n .{x nj ) — > 
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possesses a subsequence which converges in E to a critical point of /. The above prop- 
erty will be referred as the (PS)* C condition with respect to (E n ). 

Theorem 2.1 (Generalized Saddle Point Theorem). Let / G C 1 ^, M). Assume that 
there exists a constant r > such that with Y = {w E W : \\w\\ = r}: 



a) sup / < inf /, 

Y z 

b) / is bounded above on A = {w G W : \\w\\ < r} , 

c) / satisfies the {PS)* C , with 

c= inf sup /(x), 
AeA xeA 

with 

^4 = {A C £ : A is closed, Y C A, cat EyY (A) = 1} . 

Then c is a critical value of / and c > infz /. 

Remark 2.1. In a) we may replace Z by q + Z, q G W. 

Consider the Hilbert space E = H2(S 1 ,R 2N ) where S 1 = R/(TZ) and the continuous 
quadratic form Q defined in E by 

1 f T 

Q{u) — — I Ju ■ udt 

2 Jo 

where x ■ y inside the sign integral is the inner product of x, y G R 2N . Let us denote 
by E°, E~ , E + respectively the subspaces of E on which Q is null, negative definite 
and positive definite. It is well known that these subspaces are mutually orthogonal in 
L 2 (S l , M. 2N ) and in E with respect to the bilinear form: 

1 f T 

B(u, v) = — / Ju ■ vdt, u,v G E 

2 Jo 

associated to Q. If u G E + and v G E~ , then B(u, v ) = and Q(u + v) — Q(u) + Q(v). 
For u = u + + u~ + u° G E, the expression 

\\u\\ = lQ{u + )-Q(u~) + \u Q \ 2 ] 1 

is an equivalent norm in E. Moreover, the space E is compactly embedded in L s (S l ,M? N ) 
for all s G [1, oof (see [11]). In particular for all s G [1, oof, there exists a constant \ s > 
such that for all u G E, 

(2.1) < A s j j ia j | . 

3. Existence of subharmonics. Let 7 : R + — > R + be a nondecreasing contin- 
uous function satisfying the properties: 

(i) 7 (s + *) <c( 7 (s)+ 7 (t)), Vs,tGM + , 

(ii) < 7(t) < at Q + 6, V£ G 



(Hi) j(t) — > +00 as t — > +00, 

where a, b, c are positive constants and a G [0, 1[. Consider the following assumptions: 
(ifi) There exist two T-periodic functions p G L^(0, T; R+) and q G L 2 (0, T; R + ) such 
that 



(H 2 ) Either 



<p(t)7(|x|) + g(t), \/xeR 2N , a.e. t e [0,T\; 
1 /- T 

(i) —^r. — r- / H(t,x)dt — > +00 as \x\ — > +00, 
7 2 (M) Jo 



or 



1 f T 

(ii) I H(t,x)dt — > —00 as \x\ — > +00; 

7 2 (M) Jo 

(H 3 ) There exist a subset C of [0,T] with meas(C) > and a T— periodic function 
/ G L^O, T; R) such that either 



(0 


H(t,x) 


and 






H(t,x) 


or 




(ii) 


H(t,x) 


and 






H(t,x) 



!>2N 



' —00 as \x\ — > 00, a.e. t G C, 

f(t), Vx G R 2N , a.e. t G [0,T]. 
Our main result in this section reads as follows. 

Theorem 3.1. Suppose (Hi) — (H3) hold. Then, for all positive integer k, the Hamil- 
tonian system (H) possesses at least one kT— periodic solution Xk satisfying 

lim WxkW^ = +00 

k — >oo 

where WxW^ = sup tm \x(t)\. 

Corollary 3.1. Assume H satisfies assumption (Hi) and 

(H 4 ) There exist a subset C of [0, T\ with meas(C) > and a T— periodic function 
/ G L^O, T; R) such that either 

H(t,x) , ± 

n) -^r- — r- — > +00 as \x\ — > 00, a.e. t G C, 

7 2 (|x|) 

and 

> /(*), G R 2JV , a.e. t G [0,T], 

or 

[%%) > —00 as \x\ — > 00, a.e. t G C, 

7 2 OI) 



and 

H(t,x) < fit), \/x G R 2N , a.e. t G [0,T]. 
Then the conclusion of Theorem 3.1 holds. 

Example 3.1. Theorem 3.1 in [16] and Theorem 1.1 in [1] are special cases of Theorem 
3.1 with control function *y(t) = t a , < a < 1, t G M + . What's more, there are functions 
H(t,x) satisfying our theorem and do not satisfy the results in [1,16]. For example, we 
consider the Hamiltonian 

H(t,x) = 9(t)ln*(l + \x\ 2 ), 
where 6 is the T— periodic function such that its restriction to [0,T] is given by. 

( ) _ / stnCft), te [0,|] 

It is clear that H(t,x) does not satisfy (1.1), (1-2) nor (1.3), (1.4), (1.5). Take j(t) = 
Zn 2(1 + t 2 ). It is not difficult to see that 7 is nondecreasing and satisfies (i) and (in). 
For (ii), we have 

l + (s + t) 2 < (l + s 2 ) 2 (l + t 2 ) 2 , 
and since In is increasing, we get 

ln(l + (s + t) 2 ) < 2[/n(l + s 2 ) + ln(l + t 2 )] 
which with the property y/a + b < ^fa + Vb, Va, 6 G M + yield 

Zns(l + (s + t) 2 ) < V2\ln^(l + s 2 ) + ln^(l + t 2 )}. 

It is easy to verify that H satisfies (Hi), (H 2 ) and (H 3 ) with C =]0, ^[. 
Proof of Theorem 3.1. Firstly, let us remark the following: 

Remark 3.1. Let x(t) be a periodic solution of (H), then by replacing t by — t in (H), 
we obtain 

x(-t) = JH'(-t,x(-t)). 
So it is clear that the function y(t) = x(—t) is a periodic solution of the system 

y(t) = -JH'(-t,y(t)). 

Moreover, —H(—t,x) satisfies (H 2 )(i) — (H±)(%) whenever H(t,x) satisfies respectively 
(H 2 )(ii) — (H/l)(U). Hence, in the following, we will assume that H satisfies (Hi), (H 2 )(i) 
and (H 3 )(i). 

By making the change of variables t — > |, the system (H) transforms to 
(H k ) u(t) = kJH'(kt,u(t)). 

Hence, to find kT— periodic solutions of (H), it suffices to find T— periodic solutions of 
(U k ). 
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Consider the family of functionals ($k)ken defined on the space E introduced above by 

r T i 

$ fc ( u ) = / [-M(t) ■ u(t) + kH(kt, u(t))]dt. 
Jo 2 

By assumption (Hi) and the property (ii) of 7, we have 

(3.1) \H'(t,x)\ <p(t)[a\x\ a + b] +q(t), G M 27V , a.e. t e [0,T\. 

So, by Proposition B.37 [11], G C l (E, R) and critical points of on E correspond 
to the T— periodic solutions of (Hk), moreover one has 

(3.2) &k(u)v = [ [Ju(t) + kH'(kt, u(t))\ ■ v(t)dt, Vu, v & E. 

Jo 

Let us fix a positive integer k, we will study the existence of critical points of the 
functional To this aim we will apply the Generalized Saddle Point Theorem to the 
functional <3>fc with the decomposition W = E~ , Z = E° © E + of E and with respect to 
the sequence of subspaces 

27T 

E n = {u G E I u(t) = exp(—mtJ)u m a.e.}, n > 0. 

|m|<n 

Firstly, let us check the Palais-Smale condition. 

Lemma 3.1. For all level eel, the functional $fc satisfies the (PS)* C condition with 
respect to the sequence (E n ) ne ^. 



Proof : Let c G K and let (w n ) n6 N be a sequence such that for a subsequence (rij) of N 

rij — ^00, u n] G £ nj ., $ fe (w nj .) — > c and & kn .(u nj ) — > as j — > 00, 

where $fc )nj is the functional <3>fc restricted to E ny Set w nj = u nj + u nj , with -u nj = 
T Jo u nj(t)dt and u nj = u nj — u np we have the relation 

rT 

&k,n 3 ) («£ - % ■ ) = 2 1 1 £t nj , 1 1 2 + k / if' ( fct, u nj ) . («+ - W ) dt. 

Jo 

->■ as j — >■ 00, there exists a constant c x > such that 



Since ® k>nj (u nj 



(3.3) 



< ci llwjl , Vj G N. 



By Holder's inequality and (ifi) 



Jo 



< u 



<h \\L 2 



\H'(kt,u n] )\ 2 dt) l 2 



< u 



n 3 I I L 2 



[p(fcf)7(K|) + g(to)]d*)* 



(3.4) 



< \\Un 



j 1 1 L' 2 



rp 

[([ p\ktm\u nj \)dtf> 
Jo 



+ 



L 2 



]• 



Now, by the nondecreasing and the properties (i) and (ii) of 7, we have 



p 2 (H)7 2 (| M „ 3 |)rft)5 < ( / p 2 (to) 7 2 (|u n ,| + \u nj \)dt)* 

Jo 

<c( /V(W)[7(|fi»,|)+7(K|)] 2 *)' 
Jo 

<c[( (\\ktW{\u nj \)dt)^\\p\\ L2 7(|^|)] 
Jo 

<c[( / p 2 (A;i)(a|« n .| Q + 6) 2 di)^ + |b|| L2 7(|^ 
Jo 

< c[a( |u n ,| 2Q ^ +6|bll L2 + INI^O* 



(3.5) 



< c\a 



2 m, 



L 1 ^ 



■3 1 1 L 2 



+ MbllL 2 + lbllL 2 t(K|)]. 



Therefore by (2.1), (3.4) and (3.5), there exists a positive constant c 2 such that 



k 



/ H'(kt,u nj ).(u+ -u )dt 
Jo 



< C 2 Mr 



Mnjr + 7(1^1) + l] 



which with (3.3) yield 



ci > 2 ||fz n J - c 2 [ \\u nj \\ a + 7(\u nj \) + l] 



C27(|«nJ) > \\Uni\\ [2 - C 2 llu 



ia-1 



Ci - C 2 . 



and 
(3-6) 

Assume that (««.,) is unbounded, then by going to a subsequence, if necessary, we can 
assume that \\u nj 

there exists constant c 3 > such that 



oo as j — > oo. Since < a < 1, we deduce from (3.6) that 



(3.7) 



\u n A\ < C 3 (7(kn,|) + 1) 



OO. 



for j large enough. By the continuity of 7 and (3.7), we have \u nj | — >■ 00 as j - 
Now, by the Mean Value Theorem, Holder's inequality, properties (2.1), (3.7), property 
(ii) of 7 and since a < 1, we obtain as above 



A: 



/ (H(kt,u nj ) - H(kt,u nj ))dt = k / H'(kt,u nj + su nj ) ■ .u nj dsdt 
Jo Jo Jo 



k < H^nj 11^2 

< C4 ||m 



Jo 



( / |ff'(A;t,« n .+su n .)| dt) 5 ds 
;|n + 7(K-|) + 1 ] 



< c 4 ( 7 (K|) + + ir + 1] 

(3.8) <c 57 2 ((K 3 |) 

for j large enough, where c 4 , c 5 are two positive constants. Therefore by (3.7), (3.8) 
there exists a positive constant c 6 such that for j large enough 

$k(Un,-) 
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<■ 














Jo 



> -c: 



\^(\u nj \) + l) 1 - c 5l 2 (\u n] \) + k / H(kt,u nj )dt 

Jo 



7 2 (|^|)[-c 2 3 (l + 



c 5 + 



A: 



H(kt,u n .)dt] 



7 2 (K-|) 7 7 2 (|«n 3 |) 

which by assumption (H 2 )(i) implies that $)t(u n .) — )> oo as j — )■ oo. This contradicts 
the boundedness of ($ fc (-u„ 3 )). So (u nj ) is bounded. 

Assume that (u nj ) is unbounded, then up to a subsequence, if necessary, we can assume 
that \u rij \ — > oo as j — > oo. As in (3.8), there exists a positive constant c 7 such that 
for j large enough 

(3.9) k f [H(kt,u nj ) - H(t,u nj )]dt <c 7l (\u nj \). 

Jo 

So by (3.9), we get for a positive constant eg 

§k{u rij ) > -cs7(|u nj .|) + k / H(kt,u nj )dt 

Jo 



= i 2 (K Di- 



es 



+ 



k 



H(kt,u nj )dt] 



7(K,|) 7 2 (hn J |)io 
which by assumption (H 2 )(i) implies that $k(u nj ) — > oo as j — > oo. This contradicts 
the boundedness of (<&fc(u n .)). Then (iin-) is also bounded and therefore (u nj ) is bounded. 
Going if necessary to a subsequence, we can assume that u nj — 1 -u, w nj — )■ -u. Notice 
that 



-fcjf (H'(kt,u nj ) - H' 



(kt,u)).(u+ -u + )dt 



u in E 1 . It follows that w n j — )> it 



which implies that u+ — >■ w + in E. Similarly, u n . - 
in E as j — >■ oo and & k (u) = 0. So satisfies the (PS)* condition for all level cGi 
The proof of Lemma 3.1 is complete. 



Now, let u = u + + u G Z, then as in (3.8), we have for a positive constant c 9 



k 



[H(kt,u) - H(kt,u)]dt 

Jo 

So we have 

(3.10) $ fc (u) > ||m+|| 2 -c 9 ||m 

Let < e < 1, we have 
(3.11) 

By combining (3.10) and (3.11) we get 



<c 9 ||m+|| [|| u +|| a + 7 (|«|) + i]. 



u 



| Q + 7 (|u|) + l] + k f H(kt,u)dt. 
Jo 



C 9 || M + || 7 (N)<^-P + 6 2 |K 



®k(u) > (1 - e 2 ) llw+ir - c 9 |k + |r^" - c 9 ||w 



l+a 



,+ l 



+ 



k 



7 2 H 



/ H(kt,u)dt\. 
Jo 



Since < a < 1, we deduce by (H 2 )(i) that 

(3.12) $&(«) — >■ +oo as — )• oo, u <E Z. 

Let a 6 If and £ G M 2Ar be such that |£| > 0, we have by the Mean Value Theorem, 
Holder's inequality, assumption (Hi) and the nondecreasing and properties (i), (ii) of 7 



[H(kt,u)-H(kt,£)]dt 



nH'(kt, £ + s(u- - ^)dsd* 



<ll«-eil L2 / (/ \H'(kt,(l-s)S + su)\ 2 dt)*ds 
Jo Jo 



JO 



b(fc*)7(l(l " s)£ + s«|) + q(kt)fdtyds 



< ll« - t\\» f ( f p 2 (ktW(\(l - s)i + + ||g|| L2 )<fe 

Jo •/ 

< ||«-^ Uf p 2 (H)[7(l«l)+7(lel)] 2 ^)^ + lkll i2 



< ll« - eil L2 c( / Akt)Y(\u\)dt)-> + c \\p\\ L2 7 (|e|) + ||g|| L2 



<lk-eil L2 c/ p 2 (H)[a| M r + o] 2 rft) 5 + c|H| L27 (|e|) + ||g|| L2 



<lk-eil L2 «»(/ P 2 (t)|«| 2a ^)^+c6|H| L2 +c|H| L27 (|e|) + ||g|| L2 



< h - ca ||p|| LT ^ \\u\\ a L2 + cb \\p\\ L2 + c \\p\\ L2 7 (|e|) + ||g|| L2 
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So, by (2.1), for £ fixed there exists a positive constant cio such that 



k 

Therefore 



/ [H(kt,u)-H(kt,£)]dt 
Jo 



< Cl0 (|H| + i)(|H| Q + i). 



$ fc ( u ) = - || u || 2 + k [ [H(kt,u)-H(kt,g)]dt + k f H(kt,g)dt 
Jo Jo 

< - \\u\\ 2 + c 10 (|M| + l)(\\uf + l) + k f H(kt,£)dt. 

Jo 

Since < a < 1, then 

(3.13) &k( u ) — > — 00 as IMI — ^ °°? m G W 7 ". 

Combining Lemma 3.1 and properties (3.12), (3.13) we deduce that the functional § k 
satisfies all the assumptions of Theorem 2.1. Hence the Hamiltonian system (H k ) pos- 
sesses at least one T— periodic solution u k which is a critical point of and by remark 
2.1, it satisfies 

(3.14) ^ k (u k ) = C k > inf <Z> k (Vk~e + u) 

where e(t) = -^exp(^rt.J)e\ G W, t\ denotes the first element of the standard basis 
of R 2iV , with x k {t) = Mfc(|) is a kT— periodic solution of (H). We will prove that the 
sequence (u k ) k >i has the following property: 

(3.15) lim y<5> k (u k ) = +oo. 

k — >oo K 

This will be done by the use of some estimates on the levels C k of Q k . For this aim the 
following two lemmas will be needed. 

Lemma 3.2. [13] Let F:Ix M 2iV — > R be a continuous function T— periodic in t and 
let C be a subset of [0, T] with meas(C) > 0. Assume that there exists a T— periodic 
function / G 1^(0, T;R) such that 

F(t,x) — > +oo as \x\ — > oo, a.e. t G C, 

and 

Then for every S > 0, there exists a measurable subset C<5 of C with meas(C — Cs) < 5 
such that 

(3.16) F(t,x) — > +oo as \x\ — > oo, uniformly in t G C^. 
Lemma 3.3. Assume that if satisfies (H 3 )(i), then 

(3.17) lim inf **(^ e + ") = +0O . 

k — >oou<=Z k 
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Proof : Arguing by contradiction and assume that there exist sequences kj — > oo, 
(uj) C Z and a constant Cn such that 



(3.18) $ fe ,( y/kje + Uj ) < kjCu, Vj G N. 

Taking Uj = yjk~j(u1f + Uj), with tit G iij G R 2Af , we obtain by an easy calculation 

rT 

(3.19) $ kj (^/k~e + M i) = % \\ u t\\ 2 ~ 1 + / #(M> V'M 6 + M j + + Uj))dt . 
On the other hand, by (H 3 )(i) we have 

(3.20) / H(k j t,Tfk j (e + u+ + Uj))dt> [ f(k j t)dt= [ f(t)dt 
Jo Jo Jo 

so there exists a positive constant cu such that 

(3.21) $ fe .( v /%e + ^) > kj(\\u+\\ 2 -c 12 ). 

The inequalities (3.18) and (3.21) imply that (tit) is a bounded sequence in E. Up to a 
subsequence, if necessary, we can find u + G E + such that 

(3.22) ui(t) — >■ u+(i) as j — ► oo, a.e. i G [0,T]. 

We claim that (Uj) is also bounded in E. Indeed, if we assume otherwise, then by taking 
a subsequence if necessary, (3.22) implies that 

(3.23) yjkj \e(t) + u+(t) +Uj\ — > oo as j — > oo, a.e. t G [0,T]. 

Let 5 = \meas(C) and C§ be as defined in Lemma 3.2. For all positive integer j, let us 
define the subset C\ of [0,T] by 

Cl = ^r^J (C s + rT). 

It is easy to verify that meas(Cj) = meas(Cs) and 

(3.24) H(kjt,x) — > +oo as \x\ — > oo, uniformly in t G C 3 S . 
By (if 3 )(i), we have 

/ H(kjt, ykj{e + tit + Uj))dt 
Jo 

> / H(kjt,^j(e + u+ + Uj))dt+ / f(kjt)dt 
Jci ' ' Jo.r c; 

»T /-T 



(3.25) >/ x c >H(k :i t,^k~(e + u+ + u J ))dt- [ \f(t)\dt. 

Jo s Jo 
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On the other hand, by (3.24) and Fatou's lemma, we get 

(3.26) / H(k j t,^Jk~ j {e + u+ + u j ))dt — > +oo as j 

Jci 

so we deduce from (3.19), (3.25) and (3.26) that 



oo 



,a n7\ ^kjiy/kje + uj) 

(3.27) — - — — > +oo as j — > oo 

kj 

which contradicts (3.18) and proves our claim. Hence, by taking a subsequence, if nec- 
essary, we can assume that there exists u G E° such that 

e(t) + ut(t) + uj — > u{t) = e(t) + u + (t) + u as j — > oo, a.e. t e [0, T]. 

By Fourier analysis, we have e(t) + u + (t) + u ^ for almost every t G [0,T]. Therefore 

(3.28) y/k~\e(t) +u+(t) +Uj\ — > oo as j — > oo, a.e. t G [0,T] 

and by using (3.24) and Fatou's lemma, we obtain (3.27) as above, which contradicts 
(3.18). This concludes the proof of Lemma 3.3. 



Now, by (3.14) and Lemma 3.3, we have 

C 

(3.29) — > oo as k — > oo. 

k 

We claim that H^ll^ = H^H^ — > oo as A; — > oo. Indeed, if we suppose otherwise, 
(uk) possesses a bounded subsequence Since 



k 3 = 2 



/ H'(k j t,u kj ).u kj dt+ / H(kjt,u kj )dt 
Jo Jo 



the sequence (^-) is bounded, which contradicts (3.29). Consequently, we have H^H^ — ! 
oo as k — > oo, which completes the proof of Theorem 3.1. 

Proof of Corollary 3.1. Using Lemma 3.2, it is easy to see that assumption (H 4 ) 
implies assumptions (H 2 ) and (H 3 ). Then Corollary 3.1 is a particular case of Theorem 
3.1. 



4. Minimal periods. In this section, we consider a continuous increasing function 
7 : R + — > IR + satisfying the properties (i)-(iii) in section 3 and the following property: 
(iv) There exists a positive constant Co such that for all constant c 

i r 7 2 («) 

lim [ / du — c Inr] > c . 

r — >oo 7 2 (r) J 1 u 
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Consider the assumptions: 

(H[) There exist two T— periodic functions p G L°°(0, T; R+) and g G L 2 (0, T; R+) such 
that 

<p(th(\x\) + q(t), WxeR 2N , a.e. t e [0,T]. 
(H 5 ) There exists a T— periodic function / G L 1 (0,T;M) such that either 
H'(t x).x 

(i) — ' > +00 as \x\ — y +00, uniformly in t G [0,T], 



7 2 (N) 



or 



H'(t,x).x 

(11) — — > —00 as \x\ — > +00, uniformly in t G 10, Tl. 

7 2 (M) 

Our main result in this section is: 

Theorem 4.1. Suppose and (if 5 ) hold. Then, for all positive integer k, the 

Hamiltonian system {%) possesses at least one kT— periodic solution Xk such that 

lim = +00. 

k — >oo 

If moreover H satisfies the following assumption 

// u(t) is a periodic function with minimal period rT, 

(H) r rational, and H'(t,u(t)) is a periodic function with 

minimal period rT, then r is necessary an integer, 

then, for any sufficiently large prime number k, kT is the minimal period of Xk- 
Example 4.1. The function 7 : R + — > R + ,t 1 — y ln^(l + 1 2 ) is a continuous nonde- 
creasing function satisfying conditions (1) — (iv). Take 

3 2tc 
H{t,x) = (- + sin(— t))ln*(l + \x\ 2 ). 

It is easy to verify that H satisfies (H[), (H 5 ) and does not satisfy the assumptions of 
Theorem 1.2 in [1]. Theorem 1.2 in [1] is then a particular case of Theorem 4.1 with 
control function j(t) = t a , a G [0, 1[, t G R+. 

Proof of Theorem 4.1. By Remark 3.1, it suffices to prove the case when H satisfies 

may 

Firstly, let us prove that assumptions (H[), (H 5 )(i) imply (iJ 2 )(0- Indeed, by (H 5 )(i), 
for all p > 0, there exists a constant c p such that 

(4.1) H\t,x).x >P7 2 (M) -c p , VxeR 2N , VtG[0,T]. 

Let x G M 27V be such that \x\ > 1, we have by the Mean Value Theorem 

H(t,x) = H(t,0)+ / W H'(t,sx).xds+ [ H'(t, sx).xds. 
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By (H[), we have for a.e.t G [0, T] 

i 



(4.2) 



sx).xds 



< \x\ [ w [p(i) 7 (s M) + < p(*)t(i) + ?(*)■ 

Jo 



By (4.1), we get 



/ H'(t, sx).xds — / H'(t,sx).sx — > / [p7 2 (s \x\) — c 



, ds 



r 1 d s r\ x \ d u 

(4.3) = p / 7 2 (s |x|)— - c p Zn(|x|) = p / 7 2 («) — - c p ln(\A)- 

J w\ s Ji u 

Combining (4.2), (4.3), yields 

r\ x \ An, 

(4.4) H(t, x) > -pifyliX) ~ Q(t) +P 7 2 («)— - c p ln{\A) + H(t, 0), 

Ji u 



which by property (iv) of 7, imply that H(t,x) 



+00 as |x| — > 00, a.e. t G [0, T] 



and assumption (if 3 )(i) is satisfied. By integrating (4.4), we obtain 

/ H(t,x)dt > -7(1) / p(t)dt- [ q(t)dt 
Jo Jo Jo 

r lxl du r T 

+Tp 7 2 (m) Tc p ln(\x\)+ H(t,0)dt 

Ji u J 

and by property {iv) of 7, we get 

(4.5) lim ^tt pr f H(t,x)dt>copT. 

|*|->oo 7 2 (|x|) Jo 

Since p is arbitrary chosen, then H satisfies {H2){i). 

We deduce from Theorem 3.1, that for all positive integer k, the system (%) possesses at 

least one kT— periodic solution x k satisfying lim fc >OQ Ha^H^ = 00. It remains to study 

the minimality of periods of x k , k > 1. Consider the family of functionals 



i)k{ x ) — - I Jx.xdt + / H(t, 
2 Jo Jo 



x)dt 



defined respectively on the spaces E k = H2(Sl,R 2N ) with Si = R/(fcTZ). It is easy to 
see that for all k > 1, x k is a critical point of ip k and by (3.29), we have 



(4.6) 



lim — ; = +00, . 



k — >oo k 

Now, let us denote by St the set of T— periodic solutions of (H). We claim that St is 
bounded in H T . Indeed, assume by contradiction that there exists a sequence (x n ) C St 
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such that ||x n || — > oo as n — > oo. Let Multiplying both sides of 

the identity 

(4.7) Jx n + H'(t,x n (t)) = 
by x+ and integrating, we obtain 

rT 

(4.8) 2||x+|| 2 + / H\t,x n (t))-x+dt = 0. 

Jo 

Using Holder's inequality, assumption (H[), property (ii) of 7 and inequality (2.1), we 
can find as above a positive constant c i3 such that 



|| < C i3 ( \\x n \\ a + lj. 



Since < a < 1, this yields 

(4.9) p| -^Oasn^oo. 

Similarly, we have 



(4.10) ^-"JI — ^Oasn — > 00. 

Taking y n = -p 21 ^ and using (4.9) and (4.10), we may assume without loss of generality 

that y n — > yo G E°, with \y \ = 1. Since the embedding E — > L 2 , u 1 — > u is compact, 
we can assume, by taking a subsequence if necessary that 

(4.11) y n (t) — > y as n — > 00, a.e. t G [0,T], 
and consequently 

(4.12) \x n {t)\ — > +00 as n — > 00, a.e. t G [0,T]. 
So by Fatou's lemma and property (iii) of 7, we obtain 

(4.13) / 7 2 (|x n |)dt — > 00 as n — > 00. 

Jo 

On the other hand, by (4.1), we have 

(4.14) pi i 2 {\x n {t)\)dt-c p < I H'(t,x n (t)).x n (t)dt. 

Jo Jo 

Furthermore, by Proposition 3.2 in [8], we have 

(4.15) J H'(t,x n (t))x n (t)dt<^J \H'(t,x n (t))\ 2 dt. 
Combining (4.14), (4.15) yields 

(4.16) pj^ ^ 2 (\x n \)dt-c p < \H'(t,x n )\ 2 dt. 
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Using (H[) and Holder's inequality we obtain for a positive constant cu 

([ T \H'(t,x n )\ 2 drf <([ [p(tM\x n \) + q(t)} 2 dt^ 
Jo Jo 

<\\ P \LVf( [% 2 (\x n \)dt^ + \\ q \\ L2 

Jo 

(4.17) <ci^(j\\\x n \)dt + l)\ 
Combining (4.16) and (4.17) yields 

(4.18) p J i 2 {\x n \)dt - c p < c u (J -f 2 (\x n \)dt + iy 

Since p > is arbitrary chosen then (J T 7 2 (|:r n |)<it) must be bounded, which contradicts 
(4.13). Hence St is bounded and as a consequence iPi(St) is bounded. On the other 
hand, for any x G St one has ipk(x) = kipi(x), so there exists a positive constant M such 
that 

(4.19) \/x e S T , VA; > 1, ^ k( f^ < M. 

rC 

Consequently (4.6) and (4.19) show that for for all integer k sufficiently larg e, Xk St- 
So , by assumption (if), if k is chosen to be prime number, the minimal period of Xk has 
to be kT. The proof of Theorem 4.1 is complete. 
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